Modelling the Milky Way's globular cluster system by Binney, James & Wong, Leong Khim
ar
X
iv
:1
70
1.
06
99
5v
1 
 [a
str
o-
ph
.G
A]
  2
4 J
an
 20
17
MNRAS 000, 1–13 (2017) Preprint 28 March 2018 Compiled using MNRAS LATEX style file v3.0
Modelling the Milky Way’s globular cluster system
James Binney1⋆ and Leong Khim Wong1,2
1Rudolf Peierls Centre for Theoretical Physics, Keble Road, Oxford OX1 3NP, UK
2DAMTP, Centre for Mathematical Sciences, Wilberforce Road, Cambridge CB3 0WA, UK
Accepted XXX. Received YYY; in original form ZZZ
ABSTRACT
We construct a model for the Galactic globular cluster system based on a realistic
gravitational potential and a distribution function (DF) analytic in the action integrals.
The DF comprises disc and halo components whose functional forms resemble those
recently used to describe the stellar discs and stellar halo. We determine the posterior
distribution of our model parameters using a Bayesian approach. This gives us an
understanding of how well the globular cluster data constrain our model. The favoured
parameter values of the disc and halo DFs are similar to values previously obtained
from fits to the stellar disc and halo, although the cluster halo system shows clearer
rotation than does the stellar halo. Our model reproduces the generic features of the
globular cluster system, namely the density profile, the mean rotation velocity. The
fraction of disc clusters coincides with the observed fraction of metal-rich clusters.
However, the data indicate either incompatibility between catalogued cluster distances
and current estimates of distance to the Galactic Centre, or failure to identify clusters
behind the bulge. As the data for our Galaxy’s components increase in volume and
precision over the next few years, it will be rewarding to revisit the present analysis.
Key words: Galaxy: kinematics and dynamics – globular clusters: general – methods:
data analysis
1 INTRODUCTION
In recent years, it has become possible to construct so-
phisticated models for the Milky Way. These models as-
sume a gravitational potential that is axisymmetric, and
components of the Galaxy are approximated by distribu-
tion functions (DFs) chosen to be analytic in three isolat-
ing integrals of motion. This allows for the construction
of equilibrium DFs via Jeans’ (1915) theorem. Candidate
DFs for the stellar discs were proposed by Binney (2010)
and refined and extended by Binney & McMillan (2011) and
Sanders & Binney (2015). A DF for the dark halo was imple-
mented by Piffl, Penoyre & Binney (2015), while Posti et al.
(2015) and Williams & Evans (2015) describe a wide range
of DFs for spheroidal systems, some of which have been ap-
plied and extended by Das & Binney (2016) and Das et al.
(2016). In this paper, we explore how this technique of con-
structing action-based DFs can be used to understand the
Galactic globular cluster (GC) system.
Harris & Canterna (1979) noted that the distribution
in metallicity of the Galactic globular clusters is bimodal.
Zinn (1985) showed that the metal-rich and metal-poor
sub-populations have distinct phase-space distributions, the
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metal-rich clusters being more strongly concentrated to the
Galactic centre and forming a more rapidly rotating body.
Now one divides the 157 GCs in the Harris 1996 catalogue
(2010 edition)1 into 44 metal-rich GCs with [Fe/H] > −0.8
and 113 metal-poor GCs with [Fe/H] < −0.8. Zinn (1993)
later suggested that the metal-poor subpopulation could be
further divided into ‘young’ and ‘old’ based on the relation
between their metallicities and the morphologies of their
horizontal branches (see e.g. Fig. 6 of Mackey & Gilmore
2004). Moreover, he argued that the old metal-poor GCs
are more concentrated closer to the Galactic centre than
the young GCs. However, very precise ages of 55 GCs
extracted from HST data do not confirm a relationship
between age and Galactocentric radius (VandenBerg et al.
2013). Mackey & Gilmore (2004) found that the metal-rich
GCs in their sample were all within a Galactocentric radius
r ∼ 6 kpc, with 60 per cent of them situated at r < 3.0 kpc.
Unlike the metal-poor GCs, this system is very flattened,
with all metal-rich GCs at |z| < 3.6 kpc, and all but four
located at |z| < 2.0 kpc (z is the vertical distance from the
plane of the Galaxy).
Studying the velocity distribution of the GC system
1 http://www.physics.mcmaster.ca/Globular.html
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proves to be more difficult, as 53 per cent of GCs do
not have any proper motion data. Frenk & White (1980)
provide a method to estimate the mean rotation velocity
vrot of the GC system based only on position and line-of-
sight velocities. Using this method, and assuming a circular
speed of 220 km s−1 at the solar neighbourhood, Thomas
(1989) found that the GC system has a mean rotation of
vrot ∼ 65 kms−1. The metal-rich GCs in his sample sys-
temically rotate with vrot ∼ 113 km s−1, while the metal-
poor GCs have vrot ∼ 43 kms−1. Zinn (1985) expands on
this result, finding that the old metal-poor GCs rotate with
vrot ∼ 70 kms−1, while the younger metal-poor GCs have a
mean rotation consistent with zero, although the uncertainty
in the latter result is large.
These considerations are all consistent with Zinn’s
(1985) identification that the metal-rich GCs exhibit disc-
like kinematics, while the metal-poor GCs exhibit halo-like
kinematics. As the GC system is thought to consist of these
two distinct subpopulations, our DF will also be constructed
using distinct disc and halo components. However, in fit-
ting the DF to the data we make no assumption regarding
the metallicities of the components, and in this way investi-
gate whether the GC system can be effectively divided using
phase-space data alone.
Our DF is described in Section 2. Section 3 explains
how the posterior distribution for our model parameters was
determined. Section 4 describes models favoured by the data,
including the spatial and kinematic properties of the two
components. Section 5 sums up and suggests some directions
for further work.
2 MODEL
2.1 The Galactic potential
Piffl et al. (2014) sought an axisymmetric Galactic poten-
tial that is consistent with a wide range of observational
data. Specifically, they required the potential to reproduce
gas terminal velocities at various longitudes, the kinematics
of stellar masers with very precise astrometry, the proper
motion of Sgr A*, the run of stellar density with distance
from the Galactic plane near the Sun, and the kinematics of
∼ 200 000 stars in the RAdial Velocity Experiment (RAVE;
Steinmetz et al. 2006; Kordopatis et al. 2013). The potential
assumes that the Galaxy’s mass is dominated by a gas disc,
thin and thick stellar discs, a stellar bulge and a dark halo.
The disc components are described by density distributions
of the form
ρdisc(R, z) =
Σ0
2zd
exp
(
− R
Rd
− Rhole
R
− |z|
zd
)
, (1)
where (R, z) are cylindrical coordinates in the Galactocen-
tric frame, Rd and zd are characteristic scales, and Σ0 is the
surface density of the disc. A non-zero value of Rhole allows
for a central cavity.
The stellar bulge and dark halo have
ρhalo(R, z) =
ρ0
ma(1 +m)b−a
exp
[−(mr0/rcut)2] , (2)
where
m(R, z) =
√
(R/r0)2 + (z/qr0)2. (3)
Table 1. Parameters of our gravitational potential, which are
fixed in our dynamical model.
Thick disc Thin disc Gas disc
Σ0 274.5 532.4 87.3 M⊙ pc−2
Rd 2.58 2.58 5.16 kpc
zd 0.67 0.20 0.04 kpc
Rhole 0 0 4 kpc
Stellar bulge Dark halo
ρ0 94.9 0.0196 M⊙ pc−3
r0 0.075 15.5 kpc
rcut 2.1 0 kpc
a 0 1
b 1.8 3
q 0.5 0.8
Here, ρ0 is a normalisation constant, r0 is a scale radius,
and q is the axis ratio for surfaces of constant density. The
exponential term permits the spheroids to extend only to a
finite distance set by rcut, and also ensures that the density
profile has a finite mass for all sensible values of a and b.
The Galactic potential Φ(R, z) is then given by solving the
Newton–Poisson equation.
As the constraints adopted by Piffl et al. (2014) are
probes of the vertical profile of gravitating matter, both
baryonic and dark, their data are consistent with a model
with a spherical dark halo and a heavier baryonic disc, or a
more flattened dark halo and a lighter baryonic disc. Conse-
quently, the axis ratio q ≤ 1 of the dark halo is not tightly
constrained, although Piffl et al. (2014) argue that a com-
parison with the results of Bienayme´ et al. (2014) favours
an axis ratio q ≃ 0.8. We have chosen to use q = 0.8 for
the dark halo, although a larger value has no significant ef-
fect on our results. The full set of parameter values we used
for the gravitational potential are shown in Table 1. Section
2.3 of Binney & McMillan (2016) gives details of download-
able code that evaluates Φ(R, z) and its derivatives given
the numbers in Table 1.
Note that the GC system does not enter into this model
because its mass is negligible. We treat the GCs as a system
of 157 identical, non-interacting point particles moving in
the static potential Φ(R, z), each with Hamiltonian
H = 1
2
(
v2R + J
2
φ/R
2 + v2z
)
+ Φ(R, z). (4)
The velocity components vR and vz are in the radial and ver-
tical directions respectively, and Jφ ≡ Rvφ is the conserved
angular momentum about the axis of Galactic rotation. Pos-
itive velocity vφ is in the direction of Galactic rotation.
2.2 Angle–action variables
We define the set of observables for a GC as
u ≡ (l, b, s, vlos, µ∗α, µδ), (5)
where (l, b) are the Galactic longitude and latitude, s is the
heliocentric distance, vlos is the line-of-sight velocity, and
µ ≡ (µ∗α = l˙ cos b, µδ = b˙) is the proper motion vector.
In order to transform these into the phase space coor-
dinates
(x,v) ≡ (R,φ, z, vR, vφ, vz), (6)
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we have assumed that the Sun is located at (R,φ, z) =
(R0, 0, 0), where we take R0 = 8.3 kpc (Scho¨nrich
2012). We further assume that the local circular
speed is 240 kms−1 (Scho¨nrich 2012), and that the
Sun has velocity (U, V,W )⊙ = (11.1, 12.24, 7.25) km s
−1
(Scho¨nrich, Binney & Dehnen 2010) relative to the local
standard of rest (LSR). Positive velocities U , V andW point
in the direction of the Galactic centre, Galactic rotation and
Galactic north pole respectively.
It proves useful to transform these phase space coordi-
nates into angle–action variables (θ,J). These are a set of
canonical coordinates where the momenta Ji are integrals
of motion. It then follows from Hamilton’s equations that
H ≡ H(J) and the angles θi increase linearly with time
(Binney & Tremaine 2008). The orbit of a GC is specified
by J , and if at time t = 0 it is at position x(θ(0),J), then
we simply increase the angles linearly to evolve the position
forwards in time. Despite its advantages, this formalism has
until recently been little used on account of the difficulty
in evaluating (θ,J). Recent technical progress now makes
this possible. We make extensive use of the Sta¨ckel Fudge
(Binney 2012; Sanders & Binney 2016), which yields (θ,J)
given (x,v) in an axisymmetric potential like that of Sec-
tion 2.1. We identify J ≡ (Jr, Jz, Jφ), where Jr, Jz ≥ 0 can
be thought of as quantifying oscillations in the radial and
vertical directions.
2.3 Distribution function
Given that the GC system is in dynamical equilibrium,
Jeans’ (1915) theorem allows us to assume that the DF is
a function f(J), so the probability that a randomly chosen
GC has phase-space coordinates in d3θ d3J is
f(J) d3θ d3J = f(J(x, v)) d3xd3v. (7)
We normalize f(J) such that
(2pi)3
∫
d3J f(J) = 1, (8)
so the quantity (2pi)3f(J) d3J gives the probability that a
randomly selected GC moves on the orbit specified by J .
Although we do not assume that the metal-rich clusters
form a disc-like component and the metal-poor clusters form
a spheroid, our DF is a linear combination of a DF for a disc-
like population and a DF for a halo population. We write
f(J |Π) = Fdiscfdisc(J) + (1− Fdisc)fhalo(J), (9)
where Fdisc ∈ [0, 1] is the fraction of disc GCs and Π is a set
of parameters for the model. We will often write f(J |Π) as
simply f(J) in what follows, but they will mean the same
thing. It turns out that favoured models assign roughly as
much probability to the disc-like component as the fraction
of observed clusters that are metal rich, but this is an em-
pirical result rather than an assumption.
The DF of an axisymmetric system is usually best con-
sidered to be the sum of a part f+ even in Jφ and a part f−
odd in Jφ. The latter does not contribute to the density of
the system, but is largely responsible for the system’s rota-
tion. If we wish to avoid discontinuities in the DF, f− must
vanish with Jφ. A convenient way to satisfy this condition
and obtain a non-negative and physically reasonable DF is
to posit
f−(J) = k tanh(Jφ/L)f+(J). (10)
Here −1 ≤ k ≤ 1 is a constant that controls the sign and
intensity of any rotation, and L is a constant that controls
the steepness of the system’s central rotation curve. We have
used this ansatz for the odd parts of the DFs of both disc
and halo.
2.3.1 Disc
The disc component is described by the ‘quasi-isothermal’
DF introduced by Binney & McMillan (2011). We take the
part even in Jφ to be
fdisc+(J) =
ΩνΣ
2pi2κσ2rσ2z
exp
(
−κJr
σ2r
− νJz
σ2z
)
(11)
where
Σ(Jφ) = Σ0 exp
[
−Rc(Jφ)Rd
]
. (12)
Rc(Jφ) is the radius of the circular orbit with angular
momentum Jφ, Σ(Jφ) is approximately the surface den-
sity of the disc at that radius, Rd is a characteristic scale
length, and Σ0 is a normalisation constant that ensures that
(2pi)3
∫
d3J fdisc = 1. The functions Ω(Jφ), κ(Jφ) and ν(Jφ)
are the circular, radial and vertical epicycle frequencies of
the potential evaluated at the radius Rc(Jφ). Following
Binney & McMillan (2011) we let the velocity-dispersions
parameters σr and σz vary with Jφ as
σi = σi0 exp [(R0 −Rc)γ] , (13)
where σi0 and γ are free parameters.
2.3.2 Halo
Our halo DF is inspired by Posti et al. (2015). Das & Binney
(2016) and Das et al. (2016) recently extended DFs of this
type to depend on [Fe/H] and age in addition to J . However,
given the small number of halo clusters, we doubt the ability
of the data to constrain dependence on [Fe/H]. So we model
the halo clusters with a metallicity-blind and age-blind DF.
The DFs of Posti et al. (2015) are constructed from a
function h(J) that is a homogeneous function of degree one
in the Ji. The resulting stellar system has a plausible struc-
ture near the z axis only when the coefficients in h of Jφ and
Jz become equal as Jφ → 0. We ensure satisfaction of this
condition in the simplest possible way, namely by making h
a function of |Jφ|+ Jz. In fact we define h to be
h(J) = Jcore + Jr +
Ω
κ
(|Jφ|+ Jz), (14)
where the small constant Jcore = 10
−3 kpc km s−1 ensures
that the DF remains finite at J = 0 at the cost of making
h not quite a homogeneous function of the Ji. The epicycle
frequencies are evaluated at Rc(Jtot), where Jtot = Jr+Jz+
|Jφ|. This choice is made to prevent the epicycle frequencies
becoming large for eccentric or highly inclined orbits (when
|Jφ| is small) (Piffl et al. 2015).
MNRAS 000, 1–13 (2017)
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Figure 1. The adopted prior on the slope parameter β (eqn. 17).
For the halo clusters, the part of the DF of that is even
in Jφ is
fhalo+(J) =N0
[1 + J0/h(J)]
α
[1 + h(J)/J0]β
exp
[
−
(
h(J)
Jmax
)4]
(15)
with N0 a normalisation constant chosen so
(2pi)3
∫
d3J fhalo = 1. The exponents α and β in equation
(15) control the inner and outer power-law slopes of the
DF, and the two regimes are separated by a break scale
J0. Posti et al. (2015) show that DFs with (α, β) = (2, 5)
self-consistently produce models with radial density profiles
that closely approximate that of Jaffe (1983), while DFs
with (α, β) = (5/3, 5) and (5/3, 3) self-consistently produce
models with radial density profiles very similar to those
of Hernquist (1990) and Navarro, Frenk & White (1996)
models, respectively. Unfortunately, since the GC system
does not generate the potential that confines it, the relations
given by Posti et al. (2015) between α, β and the slopes of
the density profile in real space do not apply. Lastly, the
exponential term with Jmax = 10
6 kpc kms−1 ensures that
the DF has a finite mass for all choices of α and β; this
has little effect on the DF provided we choose Jmax to be
sufficiently large.
3 BAYESIAN INFERENCE
To determine the values and associated uncertainties of the
model parameters Π that best fit the GC data, we compute
the posterior distribution
Pr(Π|Data) ∝ Pr(Data|Π)× Pr(Π), (16)
where Pr(Π) is an appropriately chosen prior and
Pr(Data|Π) ≡ L is the data’s likelihood. We follow the ap-
proach to the application of Bayesian inference to Galactic
structure described in McMillan & Binney (2013) (hereafter
MB13).
3.1 Prior distribution
As we are interested in how the GC data constrain the pa-
rameters of this model, we opt for the least informative prior
possible. The variables kd, kh ∈ [−1, 1] and Fdisc ∈ [0, 1] have
finite ranges, so we take the prior to be uniform in these
ranges. The scale parameters Ld, Lh, J0, σi0, and Rd are
intrinsically positive, so the unbiased prior is uniform in the
logarithms of these quantities (Jeffreys 1961). The indices
α, β can, in principle take arbitrarily large positive values,
but if we require only β > 0, the data yield a degeneracy in
which both β and J0 increase. From the work of Posti et al.
(2015) and Das & Binney (2016) we expect β ∼ 5. To incor-
porate this knowledge into our prior, we take the prior on β
to be the gamma distribution
Pr(β) =
B
Γ(A)
(Bβ)A−1e−Bβ , (17)
where A and B are hyperparameters and Γ(A) is the gamma
function. We set A = 4 and B = 1 such that the distribution
has a mean β = 4, a mode β = 3, and a variance of 4.
With this prior on β, implausibly large values of β and J0
acquire low values of the posteriori probability, but it might
be argued that a weaker prior would be preferable. We have
investigated two priors on the inverse distance γ: uniform
and uniform in its logarithm.
In summary, our prior is
Pr(Π) ∝


Pr(β) Pr(γ)
LdLhJ0σrσzRd
kd, kh ∈ [−1, 1],
Fdisc ∈ [0, 1],
Li, α, β, J0, σi0,Rd > 0,
0 otherwise,
(18)
where, as discussed in Section 4 Pr(γ) is successively (i)
uniform in γ, (ii) uniform in log γ, and (iii) δ(γ).
3.2 Data
Data on the position variables (l, b, s) of the 157 known GCs
were obtained from the 2010 edition of the Harris 1996 cat-
alogue. This catalogue also contains line-of-sight velocities
for 143 of these GCs. Proper motion data exist for only 64
GCs; these have been obtained from Massari et al. (2013)
and a catalogue by Casetti–Dinescu et al. (2013)2.
The Galactic coordinates (l, b) are measured to high pre-
cision, so the effects of their errors will be neglected. The er-
rors in the remaining observable quantities are assumed to
be independent. If u ∈ {vlos, µ∗α, µδ} denotes a component of
velocity, then we assume that its measured value u¯ is related
to its true value u by the Gaussian distribution
G(u, u¯, σu) =
1√
2piσ2u
exp
[
− (u− u¯)
2
2σ2u
]
, (19)
where σu is the uncertainty in u. Where possible, the val-
ues of u¯ and σu are obtained from the data sources listed
above. When no such data are available, following MB13 the
value of σu is taken to be sufficiently large that the Gaussian
distribution is effectively constant for all sensible values of
u.
Since heliocentric distance s is an intrinsically positive
quantity, we take its probability distribution to be a lognor-
mal distribution
GL(s, s¯, σs) =
1
s
1√
2piσ2s
exp
[
− (ln s− S)
2
2σ2s
]
, (20)
where following (Casetti–Dinescu et al. 2013) the values of
σs and S(s¯, σs) are chosen such that the distribution has a
2 The proper motions catalogue can be accessed at
http://www.astro.yale.edu/dana/gc.html.
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mean equal to the measured distance s¯ and a variance of
(0.1s¯)2. Actually the uncertainties in cluster distances are
surely sometimes smaller and sometimes larger than this
estimate, so this work could be upgraded by obtaining er-
rors on individual cluster distances. We shall see also that
it would be very desirable to take pains to ensure that all
cluster distances are assigned using the same value of R0 as
that adopted for the model.
For brevity, we use the notation
G(u, u¯η,ση) = δ(l − l¯η)× δ(b− b¯η)
×GL(s, s¯η, σηs )×G(vlos, v¯ηlos, σηvlos )
×G(µ∗α, µ¯∗αη, σηµ∗α)×G(µδ, µ¯
η
δ , σ
η
µδ
)
(21)
to describe the six-dimensional error distribution for the ob-
servables of the ηth GC.
3.3 Likelihood
While MB13 include the apparent magnitude m as an ob-
servable, we do not because we assume the completeness of
our sample is independent of magnitude. The likelihood L
that the GC data are drawn from the model f(J) is the
product
L =
∏
η
Lη =
∏
η
∫
d6u G(u, u¯η,ση)Pr(u|Model), (22)
where Pr(u|Model) is the probability that a randomly cho-
sen GC has true observables u:
Pr(u|Model) = AS(u) f(J)
∣∣∣∣∂(θ,J)∂(u)
∣∣∣∣ , (23)
with ∣∣∣∣∂(θ,J)∂(u)
∣∣∣∣ ≡ s6 cos b. (24)
Here the coordinates (θ,J) are evaluated at the given
point u, and the selection function S(u) gives the proba-
bility that if a GC with true observables u exists, it has
been included in the Harris and Casetti–Dinescu catalogues.
The normalisation constant A is given by the condition∫
d6uPr(u|Model) = 1, so
1/A =
∫
d3xd3v f [J(x, v)]S[u(x,v)]. (25)
3.3.1 Selection function
Given that globular clusters have been discovered over many
decades and in a range of wavebands, it is impossible to
characterise the incompleteness of our sample with any pre-
cision. It is, however, believed that nearly all our Galaxy’s
GCs have been observed – it is estimated that the total num-
ber of Galactic GCs lies between 160 to 180 (Harris 2001;
Kurtev et al. 2008). If this is accepted, we do not need a so-
phisticated selection function. It is likely that that any GCs
that have still eluded astronomers are likely to lie close to
the Galactic plane, so they are hidden by dust. To take this
effect into account, we adopt the selection function
S(u) =
{
1 if E(B − V )|(l,b) < E(B − V )max
0 otherwise.
(26)
This simply states that a GC located at Galactic coordinates
(l, b) will be unobservable if the extinction in that direction
is above a threshold value E(B− V)max.
We can obtain estimates for E(B− V) at any
Galactic coordinate using the dust map produced by
Schlegel, Finkbeiner & Davis (1998)3. We find that we must
choose E(B− V)max ≥ 4 to ensure that all Harris catalogue
GCs that were observed in the visible have S(u) = 1. An
important subtlety is that Schlegel et al. (1998) produce es-
timates for extinctions from the observer to infinity, rather
than from the observer to a given heliocentric distance s.
This is only an issue for GCs that might be located in the
Galactic plane but have sufficiently small values of s that
they can nevertheless be detected. Such instances are prob-
ably rare we ignore them.
It turns out that a few GCs in the Harris catalogue
have been discovered in the infrared, and while this selection
function does not include that possibility, the number of such
GCs is so small that the effect is insignificant. Further, our
results are not noticeably affected by any choice of threshold
value greater than 4. In fact, excluding a selection function
all together does not dramatically alter our results. Below
we keep E(B− V)max = 4.
Since we require values for E(B−V ) over the whole sky
and it is essential to use a consistent set of values, we do not
use the values for individual clusters given by Harris.
3.3.2 Evaluating the likelihood
We now use Monte Carlo methods to approximate the inte-
grals in equations (22) and (25). We introduce a sampling
density fS(x,v) that approximates the phase space distri-
bution of the GC data. This ensures evaluations are con-
centrated where the integrand is largest. The normalisation
constant in equation (25) can now be evaluated as
1/A ≃ 1
NS
NS∑
k=1
f(J(xk,vk))
fS(xk,vk)
S[u(xk,vk)], (27)
where we draw NS points (xk,vk) from the sampling density
fS. The integral in equation (22) for the η
th star becomes
Lη ≃ A
NηCη
Nη∑
k=1
f(J(xk,vk))
fS(xk,vk)
S(u), (28)
where we draw Nη points (xk,vk) from the sampling density
ξ(u|u¯η) = CηG(u, u¯η,ση)fS(x,v)
∣∣∣∣∂(θ,J)∂(u)
∣∣∣∣ , (29)
The normalisation constant Cη depends only on the data
and not on the model f(J), hence need not be computed in
what follows.
3.3.3 Choice of sampling density
A good choice for the sampling density fS(x,v) is one that
approximates a typical model f(J(x, v)). We have chosen
fS to be a product of the density profile ρhalo(R, z) given in
equation (2) with 1/rcut = 0 and a triaxial Gaussian velocity
3 Dust map values were obtained from
http://irsa.ipac.caltech.edu/applications/DUST/.
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distribution with principal axes aligned along the vR, vz and
vφ directions.
A maximum likelihood fit to the GC data yields a = 0,
b = 4.43, r0 = 2.49 kpc and q = 0.83 for the density profile.
We have not attempted to attach any confidence intervals
to these numbers since all we require is a crude first guess
at the phase space distribution. For this same reason, we
have chosen to approximate the density profile using only
ρhalo(R, z), rather than with an appropriate combination of
ρhalo(R, z) and ρdisc(R, z).
Choosing parameters for the velocity distribution of fS
is a more nuanced task because only 64 of the 157 GCs
have complete velocity data. Naturally we take the means
of vR and vz to be zero, while we set 〈vφ〉 = vrot, where
vrot = 79 km s
−1 is the rotation velocity returned by the
algorithm of Frenk & White (1980) when applied to our data
set with the circular speed at the Sun set to vc = 240 kms
−1.
When the Frenk-White algorithm is applied to the metal-
rich subpopulation, we find vrot = 137 km s
−1, while the
metal-poor population yields vrot = 48 km s
−1. These values
will be useful later. Note that these results are larger than
those obtained by Thomas (1989) (see Section 1). This is
because we have a larger data set and have also used a larger
value for the local circular speed.
As for the velocity dispersions of fS, we have chosen
(σR, σφ, σz) = (140, 140, 100) kms
−1, based on the disper-
sions calculated from the sample of 64 GCs with proper
motion data. It is not necessary that these dispersion val-
ues describe the GC system as a whole. To ensure that we
have made a reasonable choice, we have repeated our anal-
ysis choosing different values of the dispersions in the range
100–250 km s−1. We find our results are not significantly af-
fected for dispersions within this range.
3.4 Posterior distribution
We MCMC sample the posterior distribution as follows:
(i) SampleNS points from fS(x,v) and Nη points for each
GC from ξ(u|uη). These are independent of f(J) so need
only be sampled once at the beginning.
(ii) Use the Schlegel et al. (1998) map to determine the
selection function S(u) for each of the above NS points.
(iii) Use the Sta¨ckel fudge (Binney 2012, 2014) with the
gravitational potential Φ in Section 2.1 to calculate J for
each of these points.
(iv) Pick a point Π in the space of model parameters at
random.
(v) Calculate the prior Pr(Π) using equations (17) and
(18).
(vi) If Pr(Π) 6= 0, calculate the likelihood L for the model
f(J |Π) using equations (27) and (28).
(vii) Calculate the posterior Pr(Π|Data) using equa-
tion (16).
(viii) We use a robust adaptive Metropolis algorithm
(Vihola 2012) to decide on the next point Π in the Markov
chain.
(ix) Repeat steps (v) to (viii) until the desired number of
MCMC points have been sampled.
We have sampled 50 000 MCMC points, and we have used
Nη = 100 and NS = 157 ×Nη , the latter choice made such
Figure 2. (Top:) The distribution of errors in the line-of-sight
velocity vlos is fitted to a lognormal distribution. The logarithm
of the error has a mean of 0.444 and a standard deviation of 1.38.
(Bottom:) Scatter plot of the error in vlos against the heliocentric
distance s of each GC in the Harris catalogue. Superimposed is
a second scatter plot where the error is replaced by a randomly
drawn value from the lognormal distribution.
Figure 3. The posterior distribution of the parameter kd when
the DF permits counter-rotating disc clusters.
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Figure 4. The posterior probability distribution of models. The white contours enclose 68 per cent of the probability.
Figure 5. Distribution of the likelihoods L of the models sampled
by MCMC.
that an equal number of points are evaluated for the numer-
ator and denominator of L.
3.5 Pseudo-catalogues
We can probe the impact of noise, and the extent to which
a model can match the data by using a model to gener-
Table 2. Expectation values and standard deviations of the pa-
rameters of the models in the MCMC chain.
Parameter expectation s.d.
α 0.77 0.36
β 8.83 2.01
J0/ kpc km s−1 5650 3140
kh 0.33 0.20
Fdisc 0.32 0.07
σr/ kms−1 94.3 22.5
σz/ km s−1 130.3 26.7
Rd/ kpc 1.90 0.39
ate pseudo-catalogues of clusters. We generate a pseudo-
catalogue as follows:
(i) Sample a phase-space point (x,v) for a ‘pseudo-GC’
from f(J(x, v)|Π) and compute the observables u.
(ii) Accept the pseudo-GC with probability given by the
selection function S(u) and return to the previous step until
157 pseudo-GCs have been accepted.
(iii) The observables of each pseudo-GC are ascribed er-
rors σ according to the error model described below.
(iv) The observables u are scattered by their errors.
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The line-of-sight velocities vlos have errors that approxi-
mately follow a lognormal distribution (see Fig. 2). A priori,
we might expect that these errors depend on the heliocentric
distance s, but by plotting errors in vlos versus distance s in
the Harris catalogue, the lower plot of Fig. 2 demonstrates
that errors in vlos do not increase significantly with s. Con-
sequently, each GC in a pseudo-catalogue is given an error
randomly drawn from the same lognormal distribution.
As more than half of the GCs do not have proper mo-
tion data, quantities calculated using the proper motions
will come with very large uncertainties, and we do not con-
sider these useful to decide if a model agrees with data. We
therefore have not concerned ourselves with modelling the
error distribution of the proper motions, and will restrict
ourselves to analysing pseudo-catalogues using only the ob-
servables (l, b, s, vlos).
4 RESULTS
4.1 Parameters to fix
Equation (10) applied to the halo and disc DFs defines four
parameters kh, Lh, kd and Ld that control the amplitude
and central steepness of each system’s rotation curve. Along
early MCMC chains the posterior distributions of Lh and Ld
were indistinguishable from their priors (uniform in logLi).
Moreover, no correlation was apparent between Li and any
other parameter of the DF. Evidently, the data do not use-
fully constrain the steepness of the central rotation curves
of the components, so in the following we simply adopt
Li = 100 kpc kms
−1, which we shall find causes the rota-
tion curves of the disc and halo populations to have central
slopes ∼ 100 kms−1 kpc−1.
Fig. 3 shows the posterior distribution of kd, which is
crowded near the upper limit of its permitted range. The
crowding of the posterior distribution of kd near unity im-
plies a lack of evidence for a counter-rotating disc of clusters.
Consequently, in the following we set kd = 1.
In early MCMC exploration of parameter space we
adopted a uniform prior on the parameter γ that controls the
radial variation of the disc’s velocity dispersions (eqn. 13).
The posterior distribution of γ then extended both sides of
zero. Since we consider increases in velocity dispersion with
radius implausible, we then ran chains with the prior on γ
taken to be uniform in log γ. The resulting posterior distribu-
tion of γ was essentially uniform in log γ for γ < 10−6 kpc−1.
That is, the data only require that γ is so small as to have
negligible impact in the region r < 100 kpc to which the data
are confined. This being so, we subsequently set γ = 0, i.e.,
we made the velocity-dispersion parameters independent of
Jφ.
In summary, we fix the values of four parameters:
Ld = Lh = 100 kpc km s
−1, kd = 1, γ = 0, (30)
leaving the posterior distributions of eight parameters to be
explored by MCMC chains. Of these four describe the halo
DF (α, β, kh and J0), three describe the disc DF (Rd, σr and
σz), and the eighth and final adjustable parameter is Fdisc,
which is the fraction of the probability associated with the
disc.
4.2 Favoured models
Fig. 4 illustrates the structure of the posterior distributions
of all adjustable parameters by showing on the diagonal
histograms for each parameter after marginalising over all
other parameters, and in the off-diagonal panels the corre-
lations between each pair of model parameters, again after
marginalising over all other parameters. The white contours
in the off-diagonal panels enclose 68 per cent of the proba-
bility.
Parameters that are quite well determined are the ex-
tent to which the halo cluster distribution rotates kh, the
fraction of disc clusters Fdisc, the velocity-dispersion param-
eters of the disc clusters σr and σz, and the scale length of
the system of disc clusters Rd. For each parameter, Table 2
gives the expectation value and the standard deviation along
the MCMC chain.
Three parameters for the halo clusters are strongly cor-
related: the inner and outer slope parameters α, β and the
scale action J0. Large values of J0 are associated with large
values of α and β. This correlation makes perfect sense phys-
ically when one recalls that α and β control the inner and
outer slopes of the real-space density profile of the popula-
tion of halo clusters, while J0 controls the break radius that
divides the two regimes. In so far as the density profile of the
halo cluster distribution steepens smoothly with increasing
radius, such a correlation between α, β and J0 and is in-
evitable. Naively, one expects J0 to be roughly the product
of the circular speed and the radius ∼ 2.5 kpc of the break in
the density profile, so ∼ 600 kpc km s−1. The probable val-
ues of J0 are significantly larger than this. However, we show
below that the recovered parameter values do reproduce the
expected break radius.
4.3 What do we learn from the MCMC sample?
Fig. 5 shows the distribution of the likelihoods of the data
given the models sampled by MCMC. This distribution – es-
sentially the χ2 distribution of the models – is more than two
orders of magnitude wide, so significant probability is associ-
ated with models that make the data hundreds of times less
probable than does the most probable model. This state of
affairs is commonplace when models with significant num-
bers of parameters are employed in Bayesian inference.
Why must we consider models that make the data so
much less probable than the maximum-likelihood model?
Because the maximum-likelihood model achieves its high
likelihood in large measure by fitting not only the signal
but also the the noise in the data. In Fig. 6 we demonstrate
this by comparing the observables predicted by samples of
157 clusters drawn from (a) the maximum-likelihood model
(top row) with (b) models drawn at random from the MCMC
chain (lower row). We see that the scatter around the real
observables (red curves) of the observables predicted by the
maximum-likelihood model and the models drawn at ran-
dom are indeed similar. This result confirms that the ex-
cess likelihood of the maximum likelihood model over typi-
cal models in the MCMC chain indeed reflects its ability to
fit the high level of noise inherent in there being only 157
clusters.
In Fig. 6 the only panels in which the red line of the
data lies outside the region explored by the 20 realisations
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Figure 6. Cumulative distributions of the observables, in red from the Harris catalogue, and in black from 20 samples of 157 clusters
drawn from (a) the maximum-likelihood model (top row) and (b) 20 models randomly chosen from the MCMC chain. All 157 clusters
contribute to the first three panels in each row, whereas only 143 clusters contribute to the end panels.
Figure 7. Full red histogram: the distribution of the galacto-
centric azimuths of the clusters in the Harris catalogue with the
Sun located at φ = 0. Dashed black histogram: the same for 20
catalogues of 157 clusters drawn from 20 models in the MCMC
chain.
are those for the distance, s: in these panels the full red line
for the data rises steeply with increasing s at values of s
that are ∼ 10 per cent smaller than the broken curves of the
pseudo-data. The number of clusters increases rapidly as s
becomes comparable to R0 and the clusters gathered around
the Galactic Centre enter the sample.
The red histogram in Fig. 7 shows the distribution of the
Galactocentric azimuths of the real clusters: there is a clear
excess of clusters with |φ| < 20 degrees, indicating that they
lie in front of the Galactic Centre. By contrast, the black
dashed histogram, which shows the azimuthal distribution
of the clusters in twenty models from the MCMC chain, is
very uniform, so we have not succeeded in modelling the dis-
tribution of clusters in the central region. The cause of this
discrepancy could be either (a) that distances to clusters are
systematically too short, or (b) that our value R0 = 8.3 kpc
is too long, or (c) that observers have failed to identify sig-
nificant numbers of clusters that lie in or behind the bulge.
The latter could be due either to more extinction than we
have adopted, or confusion in crowded fields. However, fol-
lowing the Vista Variables in the Via Lactea (VVV) survey
(Minniti et al. 2010) of the bulge region in the near IR and
with excellent spatial resolution, it seems unlikely that item
(c) is a significant problem.
Apart from this question surrounding the distribution
of cluster in the bulge region, we consider that the plots of
Fig. 6 are consistent with the actual clusters being drawn
from a model in the MCMC chain.
4.4 The expected distribution of clusters
An MCMC chain encodes the probability density of each
part of model space, and the DF quantifies the probabil-
ity density of GCs in phase space for a given model. Con-
sequently, if we average f(x,v) over models in an MCMC
chain, we obtain our best estimate of the probability of find-
ing a GC at (x,v). We now present plots obtained by aver-
aging f over 50 models drawn from an MCMC chain.
Fig. 8 shows the probability density of disc and halo
clusters in action space. Specifically, the logarithm to base
10 of the density is shown on three slices at constant radial
action, from Jr = 0 (circular orbits) at the top to larger
values of Jr lower down. The two types of cluster are seen
to have very different phase-space distributions. The disc
clusters are most dense along the Jφ axis and their density
declines steeply with increasing Jr or Jz, whereas the halo
clusters are dense only at the origin of action space but their
density declines relatively slowly with increasing |J|.
The model provides probabilities for a cluster to be a
disc rather than a halo cluster based solely on the clus-
ter’s phase-space position. It is natural to ask how these
probabilities relate to the cluster’s metallicities: the lat-
ter have a clearly bimodal distribution with a minimum at
[Fe/H] ≃ −0.8 (Zinn 1985; Harris et al. 2016) dividing the
metal-poor halo cluster from the metal-rich disc clusters.
Fig. 9 shows for each cluster in the Harris catalogue
the ratio 〈Pdisc〉/〈Phalo〉 versus [Fe/H], where, for example
Pdisc is the integral in one model of the disc DF over the
cluster’s error ellipsoid (eqn 22). For 73 clusters this ratio
exceeds unity, so they are deemed more likely to be disc
than halo clusters. Clusters with [Fe/H]>∼ − 1.3 are never
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Figure 8. Left column: the phase-space probability density of disc clusters on three slices through phase space. Each slice is at the value
of Jr given in kpc km s−1 at top. Right column: the probability density of halo clusters on similar slices. The colour scale gives the log
to base 10 of the phase-space density.
Figure 9. Clusters with [Fe/H]>∼ − 1.4 are assigned relatively
high probabilities by a typical disc DF. We plot vertically the
ratio of the mean (over MCMC sampled models) for each object
to be a disc or halo cluster.
considered much more likely to be halo clusters than disc
cluster, while only a few clusters with [Fe/H] < −2 are much
more likely to be disc than halo clusters. The only clusters
that will be considered much more likely to be halo than
disc clusters are those that counter-rotate or lie at very large
radii. Inevitably, at least as many halo clusters at moderate
r co- rather than counter-rotate, and these clusters will have
significant probabilities to be disc clusters. Hence it is to be
expected that more clusters have high probabilities to belong
to the disc than have [Fe/H] > −0.8. Hence Fig. 9 is fully
consistent with the conjecture that all metal-rich clusters
belong to the disc population, while the metal-poor clusters
all belong to the halo population.
Fig. 10 shows the real-space density of disc clusters (left)
and halo clusters (right) estimated from 50 models drawn at
random from the MCMC chain. The colour scale shows the
logarithm of the density in a slice that includes the z axis.
For semi-major axes of length a<∼ 5 kpc, the system of disc
clusters has the isodensity contours of an oblate body with
axis ratio ∼ 1 : 3. Larger isodensity surfaces have a deep
depression around the minor axis. Any system in which all
particles rotate in the same sense about the z axis can be
expected to have a low density on that axis. The right panel
of Fig. 10 indicates that the system of halo clusters forms a
simpler oblate structure of axis ratio q ∼ 0.7 out to semi-
major axes a ∼ 20 kpc, but a similar plot on a bigger scale
shows that around r ∼ 30 kpc the system becomes quite
spherical because the potential is then dominated by the
spherical dark halo rather than the disc.
Fig. 11 shows the density of clusters as a function of
radius in the equatorial plane (left panel) and along the z
axis (right panel). In each panel we show the contributions of
the disc and halo clusters (blue and red lines, respectively)
and the total density in black. Straight black lines at the
lower right of each panel have slope −5, revealing that at
the largest radii the cluster density is declining somewhat
faster than as r−5. From results in Posti et al. (2015) it is
easy to show that if the rotation curve were flat, ρ ∼ r−5
would imply f ∼ |J |−5. Table 2 indicates a markedly steeper
decline in the DF, f ∼ |J |−9, because the MCMC chain
favours large values of the scale action J0, so the asymptotic
regime has not been reached even at r ∼ 80 kpc.
The profiles of the system of halo clusters show wig-
gles at R, z >∼ 20 kpc. The wiggle on the z axis is most pro-
nounced. This feature disappears when the disc’s potential
is removed and the dark halo’s potential is enhanced in com-
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Figure 10. The real-space density of disc clusters (left) and halo clusters (right) on a plane that includes the symmetry axis. The colour
scale shows the log to base 10 of the density.
Figure 11. The probability densities of disc and halo clusters as
a function of radius in the equatorial plane (left) and along the
symmetry axis (right) estimated from 50 randomly chosen models
in the MCMC chain. The black straight line at the lower right of
the left panel has a slope of −5.
pensation, so it arises from the response of the cluster system
to the fading of the disc’s gravitational field. It coincides
with the decrease in flattening noted above in connection
with Fig. 10.
Fig. 12 shows the kinematics computed from 50 models
as a function of radius in the equatorial plane. As the centre
is approached, the three broken red curves, which show σR,
σφ and σz in the halo system, approach one another at quite
a large value: ∼ 170 kms−1. While the centre of the halo
system is isotropic, with increasing R the curves for σφ and
σz fall much more steeply than the curve for σR, so the
body of the system is quite radially biased: the conventional
anisotropy parameter βs reaches a peak value 0.68 at R =
12 kpc and then gently falls to βs = 0.53 at R = 30 kpc.
The full red curve shows that the mean rotation rate of
the halo system is small – it peaks at 〈vφ〉 ∼ 40 kms−1 at
R ∼ 1 kpc and from there falls to a minimum of 12 km s−1
around R = 15 kpc.
The disc system rotates fast: its rotation curve reaches
〈vφ〉 = 185 km s−1 at R = 5kms−1 and from there 〈vφ〉 falls
almost linearly to 118 km s−1 at R = 30 kpc. The velocity
Figure 12. The kinematics of the disc (blue) and halo (red)
cluster systems estimated from 50 randomly chosen models in
the MCMC chain. The rotation curves show 〈vφ〉, while various
broken curves show the three principal dispersions, all in the equa-
torial plane.
dispersion tensor is quite anisotropic, with σz ∼ 100 kpc
being largest and σφ falling from ∼ 50 kms−1 at R = 3kpc
to ∼ 30 kms−1 at R = 30 kpc.
As we reported in Section 3.3.3, the algorithm of
Frenk & White (1980) applied to the complete Harris cata-
logue yields a rotation velocity vrot = 79 kms
−1. When we
assemble a catalogue of 157 clusters from each of 20 models
from the MCMC chain and apply the Frenk & White al-
gorithm to each catalogue, the recovered values of vrot have
mean 69 km s−1 and standard deviation 29 km s−1. Thus our
models are consistent with the data from the perspective of
rotation rate.
5 CONCLUSIONS
We have constructed the first fully dynamical model of the
Galaxy’s GC system that includes a realistic Galactic poten-
tial, that determined by Piffl et al. (2014). The GC system is
treated as a set of 157 identical, non-interacting point parti-
cles in dynamic equilibrium orbiting in this static potential.
Motivated by the bimodal distribution of cluster metallic-
ities, the DF consists of two components: a disc and halo.
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After fixing a number of parameters that were either barely
constrained by the data or essentially fixed by the data, the
final model had eight parameters to be fitted to the data: in-
ner and outer slope parameters, a scale action and a rotation
rate for the halo, a scale length, in-plane and vertical velocity
dispersions for the disc, and the fraction of the probability
provided by the disc.
Although 157 clusters prove too few to constrain tightly
any of the parameters, the disc fraction, the three disc pa-
rameters and the halo’s rotation rate all produce well-defined
peaks in the likelihood. The remaining three halo parame-
ters have a natural degeneracy, in which an increase in the
scale action (and corresponding scale radius) can be com-
pensated by changes to the inner and outer slopes of the
density profile.
Given the similarities between the metallicity distri-
bution functions of the disc clusters and the thick disc
(Wyse & Gilmore 1995), the DF of the disc component in-
vites comparison with the Extended Distribution Function
(EDF) Sanders & Binney 2015, hereafter SB15 fitted to the
stellar thick disc using data from the Geneva-Copenhagen
survey (Holmberg et al. 2007, 2009; Casagrande et al. 2011).
We found that the cluster data did not provide useful con-
straints on any radial variation in the velocity-dispersion
parameters σr and σz whereas SN15 found that these de-
creased outwards with a scale length ∼ 6.2 kpc. If we com-
pare our values, σr ∼ 94 kms−1 σz ∼ 130 kms−1, with those,
σr ∼ σz ∼ 100 kms−1, predicted by SB15 at R ≃ 4 kpc,
where most of the disc cluster lie, the agreement is good ex-
cept that we find σr < σz. Our scale length Rd ∼ 1.9 kpc
is a bit shorter than that, Rd = 2.3 kpc obtained by SB15,
but entirely in line with the findings of (Bovy et al. 2016)
from an analysis of APOGEE data Majewski et al. (2016).
Even though we have used no metallicity information, our
value for the fraction of disc clusters, Fdisc ∼ 0.32 ± 0.07,
is consistent with the ∼ 31± 9 per cent of clusters that are
metal-rich (Harris et al. 2016).
It is natural to compare our halo DF with the EDF
fitted to halo K giants by Das & Binney (2016). For defi-
niteness, we compare our metallicity-blind halo DF with the
EDF evaluated at [Fe/H] = −2. The K giants required es-
sentially the same scale action (∼ 5000 kpc km s−1) as the
clusters, but our inner slope parameter (α ∼ 0.8) is slightly
smaller than that (α ∼ 1.3) fitted to the K giants. Our outer
slope parameter, β ∼ 8.8, is definitely larger than that ∼ 5
fitted to the K giants, with the consequence that in real
space we predict the cluster density falls off as ∼ r−5 rather
than ∼ r−4 for the K giants. Given the degeneracy between
α, β and J0, it is not clear that these differences are signif-
icant, but we have reason to expect we might expect the
distribution of GCs to be less centrally peaked than that of
halo giants: dynamical friction can drag globular clusters in
to the densest part of the bulge, where they will be tidally
destroyed (Tremaine et al. 1975; Gnedin et al. 2014). The
axis ratio of the distribution of K giants seems to increase
from q ∼ 0.7 at small radii to unity at large radii just as
does that of the cluster distribution.
We recover a probability density of clusters in real space
that is consistent with previous work (Bica et al. 2006). We
note, however, that a DF such as our halo DF, which is fea-
tureless in action space, gives rise to an interesting feature at
r ∼ 10 kpc in real space as a consequence of the rapid decay
of the quadrupole in the disc’s gravitational field. Specifi-
cally, as r increases through 10 kpc the cluster system be-
comes spherical quite rapidly. Since it is natural for the DF
to have a simple form in action space, a rapid reduction in
flattening in all halo components around r ∼ 10 kpc is a
robust prediction.
While neither the K giants (Das & Binney 2016) nor
Blue Horizontal Branch stars show clear rotation (Das et al.
2016), the great majority of the halo DFs in our MCMC
chain have parts odd in Jφ that cause the system to rotate in
the same sense as the disc. The rate of rotation is, however,
slow, typically peaking at 〈vφ〉 < 40 kms−1, which is close
to the upper limit of the rotation of the system of K giants
halo. Samples of clusters drawn from favoured models of the
entire cluster system yield values of the measure of rotation
vrot defined by Frenk & White (1980) that are consistent
with the value obtained from the real clusters.
The only respect in which mock catalogues extracted
from favoured models materially deviate from the data is the
distribution of clusters close to the Galactic centre. With our
adopted distance to the Galactic centre, R0 = 8.3 kpc, the
cluster distances in the Harris catalogue place significantly
more clusters in front of the Galactic centre than behind it.
Given that a small fractional error in the distance s to a
cluster near the Galactic centre gives rise to a large change
in the cluster’s Galactocentric distance r, uncertainty in the
distribution of clusters around the centre is inevitable. To
make progress with this issue one would need to reconsider
the distance to every cluster within, say r = 5kpc to ensure
that it is consistent with data that point to R0 = 8.3 kpc.
An alternative explanation of the excess of clusters in front
of the Galactic centre is that we have under-estimated the
bias arising from dust and confusion against discovering GCs
located behind the bulge.
In this paper we have developed a robust framework
within which theories about the GC system can be formu-
lated and tested. With only 157 objects, models cannot be
tightly constrained, but as the currently very sparse proper-
motion data grow in volume and precision, it should be re-
warding to revisit the present analysis. In the next few years
our knowledge of the thick disc will increase markedly and
this understanding should be encapsulated in an EDF. In
view of the preliminary results we have obtained here, a
promising line of enquiry would be to require the DF of the
system of disc clusters to coincide with that of the stellar
thick disc and see what halo DF is required to complement
it.
As the data become more precise, it will be interest-
ing to fit DFs separately to the high- and low-metallicity
clusters: will the parameters of the disc and halo DFs that
emerge from this exercise be similar to those found here?
Several interesting lines of enquiry are made possible by
possession of a DF for the GCs. For example, we expect halo
GCs to be clustered in action space as a consequence of more
than one GC being stripped from a single satellite galaxy.
One could seek evidence for clustering of GCs by comparing
the frequency of pairs of objects at separation ∆ in action
space when (a) both objects are real GCs, (b) one object is a
real GC and one is a pseudo GC drawn from the DF, and (c)
both objects are pseudo GCs. Another interesting investiga-
tion would consider the speed with which a plausible GC DF
would evolve through the action of dynamical friction and
MNRAS 000, 1–13 (2017)
The Milky Way’s globular cluster system 13
tidal destruction since the rates of both processes are fully
specified by J .
ACKNOWLEDGEMENTS
We thank the referee and members of the Oxford dynam-
ics group for valuable comments on drafts of this paper.
The research leading to these results has received fund-
ing from the European Research Council under the Euro-
pean Union’s Seventh Framework Programme (FP7/2007-
2013)/ERC grant agreement no. 321067.
REFERENCES
Bica E., Bonatto C., Barbuy B., Ortolani S., 2006, A&A, 450, 105
Bienayme´ O., et al., 2014, A&A, 571, A92
Binney J., 2010, MNRAS, 401, 2318
Binney J., 2012, MNRAS, 426, 1324
Binney J., 2014, MNRAS, 440, 787
Binney J., McMillan P., 2011, MNRAS, 413, 1889
Binney J., McMillan P. J., 2016, MNRAS, 456, 1982
Binney J., Tremaine S., 2008, Galactic Dynamics: Second Edition.
Princeton University Press
Bovy J., Rix H.-W., Schlafly E. F., Nidever D. L., Holtzman J. A.,
Shetrone M., Beers T. C., 2016, ApJ, 823, 30
Casagrande L., Scho¨nrich R., Asplund M., Cassisi S., Ramı´rez I.,
Mele´ndez J., Bensby T., Feltzing S., 2011, A&A, 530, A138
Casetti–Dinescu D. I., Girard T. M., J´ılkova´ L., van Altena W. F.,
Podesta´ F., Lo´pez C. E., 2013, AJ, 146, 33
Das P., Binney J., 2016, MNRAS, 460, 1725
Das P., Williams A., Binney J., 2016, MNRAS, 463, 3169
Frenk C. S., White S. D. M., 1980, MNRAS, 193, 295
Gnedin O. Y., Ostriker J. P., Tremaine S., 2014, ApJ, 785, 71
Harris W. E., 1996, AJ, 112, 1487
Harris W. E., 2001, in Labhardt L., Binggeli B., eds, Saas-Fee
Advanced Course 28: Star Clusters. p. 223
Harris W. E., Canterna R., 1979, ApJ, 231, L19
Harris W. E., Blakeslee J. P., Whitmore B. C., Gnedin O. Y.,
Geisler D., Rothberg B., 2016, ApJ, 817, 58
Hernquist L., 1990, ApJ, 356, 359
Holmberg J., Nordstro¨m B., Andersen J., 2007, A&A, 475, 519
Holmberg J., Nordstro¨m B., Andersen J., 2009, A&A, 501, 941
Jaffe W., 1983, MNRAS, 202, 995
Jeans J. H., 1915, MNRAS, 76, 70
Jeffreys H., 1961, Theory of Probability. Clarendon Press
Kordopatis G., et al., 2013, AJ, 146, 134
Kurtev R., Ivanov V. D., Borissova J., Ortolani S., 2008, A&A,
489, 583
Mackey A. D., Gilmore G. F., 2004, MNRAS, 355, 504
Majewski S. R., APOGEE Team APOGEE-2 Team 2016,
Astronomische Nachrichten, 337, 863
Massari D., Bellini A., Ferraro F. R., van der Marel R. P., An-
derson J., Dalessandro E., Lanzoni B., 2013, ApJ, 779, 81
McMillan P. J., Binney J. J., 2013, MNRAS, 433, 1411
Minniti D., et al., 2010, New Astron., 15, 433
Navarro J. F., Frenk C. S., White S. D. M., 1996, ApJ, 462, 563
Piffl T., et al., 2014, MNRAS, 445, 3133
Piffl T., Penoyre Z., Binney J., 2015, MNRAS, 451, 639
Posti L., Binney J., Nipoti C., Ciotti L., 2015, MNRAS, 447, 3060
Sanders J. L., Binney J., 2015, MNRAS, 449, 3479
Sanders J. L., Binney J., 2016, MNRAS, 457, 2107
Schlegel D. J., Finkbeiner D. P., Davis M., 1998, ApJ, 500, 525
Scho¨nrich R., 2012, MNRAS, 427, 274
Scho¨nrich R., Binney J., Dehnen W., 2010, MNRAS, 403, 1829
Steinmetz M., et al., 2006, AJ, 132, 1645
Thomas P., 1989, MNRAS, 238, 1319
Tremaine S. D., Ostriker J. P., Spitzer Jr. L., 1975, ApJ, 196, 407
VandenBerg D. A., Brogaard K., Leaman R., Casagrande L.,
2013, ApJ, 775, 134
Vihola M., 2012, Statistics and Computing, 22, 997
Williams A. A., Evans N. W., 2015, MNRAS, 454, 698
Wyse R. F. G., Gilmore G., 1995, AJ, 110, 2771
Zinn R., 1985, ApJ, 293, 424
Zinn R., 1993, in Smith G. H., Brodie J. P., eds, Astronomical
Society of the Pacific Conference Series Vol. 48, The Globular
Cluster-Galaxy Connection. p. 38
This paper has been typeset from a TEX/LATEX file prepared by
the author.
MNRAS 000, 1–13 (2017)
